A system of equations for the averaged phonon Green function determining the shapes of the lines in Raman scattering spectra is obtained in the coherent potential approximation. Configurationally split components of the Raman scattering are studied within a simple model. For the KH 2 PO 4 and the CsH 2 PO 4 -type ferroelectrics the possibility to observe the configurational splitting experimentally is discussed.
Introduction
A study of spectra of the Raman scattering of light in KH 2 PO 4 (KDP) crystals is of specific interest for the discussion of phase transitions in these systems. Developments in the dynamical theory of phase transitions in KDP crystals have made the concept of a proton-phonon soft mode widely used.
A frequency range related to phase transitions has become a subject of many investigations [1, 2] , because low-frequency lattice modes are most closely related to transition phenomena. Besides, it is of interest to study phonon modes at even higher frequencies, in particular those which are related to the internal oscillations of phonon groups. In crystals with order-disorder transitions, the specific features of these oscillations depend on the states or orientations of the structure elements that are ordered (the ionic groups and protons on hydrogen bonds). A new model for phase transitions in KDP crystals has been proposed [3] [4] [5] [6] [7] on the basis of the experimental data for ν 3 and ν 4 modes in scattering geometries for which the observation of such modes is forbidden by the selection rules for site symmetry S 4 [8] . The model assumes that the main role in the transition belongs to the ordering of PO 4 dipoles which already existed in a high temperature phase rather than to the ordering of protons on H-bonds, i.e. the softening of a related proton-phonon mode. However, the application of the model encounters difficulties because the "ice" rule (one proton on bond and two protons close to the PO 4 group) is violated.
On the other hand, the idea about H 2 PO 4 groups ordering is not confirmed by the NMR experimental data for KH 2 PO 4 [9] . Thus, a clear interpretation of the available data has not been achieved. The results obtained can be explained satisfactorily even within the framework of the proton ordering model. It was shown in [10] that the description of the Raman spectra of internal oscillations in KH 2 PO 4 clusters can be made if different realizations of proton configurations are taken into account. The model can easily be extended to allow for the short-range proton correlations [11] .
In this respect it is interesting to study the peculiarities of phonon spectra of KDP crystals in more detail. In particular, the functions of spectral densities which determine the shape of lines in the Raman spectra are of importance. The subject of our study are the crystals in which phase transitions are related to the ordering of protons in one-dimensional chain structures.
A system of equations for the averaged Green function. Coherent potential approximation
An effective cross-section which is the main characteristic of the Raman scattering can be expressed as [12, 13] 
e 1α e 2β e 1α ′ e 2β ′ (2.1)
where e 1 , e 2 are polarization vectors; ω 1 , ω 2 are frequencies and k 1 , k 2 are wave vectors of the incident and scattered light, respectively; α, β, α ′ , β ′ are coordinate indices; ε 1,2 ≡ ε(ω 1 , ω 2 );P is a polarizability operator:
(n, n ′ are cell numbers; l, l ′ are ion species in the cell)
An expression for a scattering cross-section can be written in terms of the Green function constructed by the polarizability operators [10] :
is a scattering tensor of the κ j -mode of the l 1 -th ion complex having the j-th configuration;ĝ is the phonon Green function corresponding to internal vibrations of ion groups.
The Green functionĝ
can be determined from equation [10] :
Here,χ
is a phonon Green function of an isolated ion complex;
ii nk is an occupation number of the i-th configuration of the (n,k)-th complex; Φ is a matrix of interactions between internal vibrations of the complexes.
According to (2.4), the effective cross-section and the Raman scattering tensor are related to the averaged over configurations Green function (2.5). Averages of products of functionsχ can be expanded in cumulants. Thence, function ĝ is expressed in terms of full irreducible parts Σ [10] 
Certain summation of diagrams for the (self-energy) irreducible part corresponds to equation (2.6). We introduce the diagrammatic notations:
Ovals surrounding n lines ✲ correspond to cumulants of the n-th order. An expression for Σ contains only irreducible diagrams (the diagrams which do not break down into separate parts if one interaction line is cut)
In the spirit of a single-site approximation, the correlation between χ nk is taken into account only if the site indices coincide. Then, we can sum up series (2.6) using a coherent potential approximation. Let us pick in Σ the diagrams the beginnings and ends of which correspond to the same site. In these diagrams, we separate out the ovals corresponding to the same site. As J we denote the sum of diagrams which start and end with lines of interaction on a given site and do not contain ovals with this site. In diagrammatic notations
We can calculate J kk (nn) making use of the method described in [14, 15] . Hence, we have
. In a single site approximation we get the following equation for the Green function ĝ k :
In this approximation the self-energy part reads
In the calculation of the Green function ĝ k within a single site approximation, the correlation between unperturbed Green functions of the internal vibrations of the complex (n, k) having the i-th configuration is taken into account only if the site indices coincide. In this case
Taking into account the fact that B ii nkB jj nk = B ii nk δ ij , we find that
Let us now evaluate J k . We introduce the matrix J k ′ which is calculated without the constraint that ovals with a given site are absent:
Supposing that Σ may correspond to the initial site as well, we can expressJ in the formJ
In matrix notationsJ
On the other hand,
(here Σ does not correspond to the initial site.) Therefore,J can be presented as a seriesJ
(we use the notations of (2.15), or
Hence, in a matrix form
Let us introduce an auxiliary functioñ
Then equations (2.14) and (2.17) can be rewritten as
Equations (2.8), (2.12), (2.19) and (2.20) comprise a system of equations for the averaged Green function ĝ q .
Calculation of the averaged Green function for a simple model
Let us consider, for example, crystals of the KH 2 PO 4 and the CsH 2 PO 4 families. Since the frequencies ν 1 , ν 2 , ν 3 , ν 4 of internal vibrations of an isolated PO 4 complex are fairly separated from each other, we can treat the coupled vibrations resulting from modes A 1 , E, F 2 , F 2 independently. The κ i takes only one value (p k = 1) in the case of A 1 mode, two values (p k = 2) in the case of E mode and three values (p k = 3) in the cases of F 2 modes. Let us consider, as an example, the case of A 1 mode. We restrict our consideration to a simple model. We assume that there is only one group PO 4 per unit cell (k = 1), and only two proton configurations around this group are allowed (r = 2). Configurations with protons close to upper or lower oxygen atoms (with respect to the c-axis of the crystal) (the case i = 1, 2 [9, 10] ) have the lowest energy. Then, Σ k = Σ, and
Let us denote the diagonal elements of the matrices J and Φ(q) as J 11 and Φ 11 (q), respectively, and their non-diagonal elements as J 12 and Φ 12 (q). Equations (2.8), (2.12), (2.19), (2.20) are transformed into the system of equations
where
From (3.2c) we get
Within an isotropic crystal approximation, we take Φ 12 (q) = Φ ′ 0 /Φ 0 Φ 11 (q). Replacing the sum in (3.4) by an integral with a half-elliptic density of states,
we get the following expressions for the elements of matrix J:
6)
Here we take into account the fact that B 11 = B 22 = B , which corresponds to temperatures above T c .
Let us consider now the Green function (2.4) built on polarizability operators. Since the wave vector hardly changes at the Raman scattering, we assume that q ≈ 0. As one can see from (2.1), the effective cross-section of the Raman scattering is proportional to the imaginary part of the Green function Ĝ . Using relation (2.4) we find that
for the model under consideration. As one can easily show,
9)
here A and C are elements of the matrix ĝ
Making use of (3.9) and (3.10) and taking into account the tensor symmetry which corresponds to the point symmetry of a crystal, we can write Im Ĝ q=0 as for a KH 2 PO 4 crystal [9,10]: (zz)-scattering
(xx) and (yy)-scattering A similar, but with a different coefficient, expression was obtained for the case of (yz)-scattering. Expressions (3.11)-(3.15) contain not only the quantities Im 1/(A + C) and Im 1/(A − C) but also the elements of the scattering tensor as "weight" factors defining the contribution of each item. Let us consider, for instance, 1/(A + C). With the help of (3.1), (3.6) and (3.7) we can rewrite its imaginary part as
For 1/(A − C) we have
The region where the imaginary parts differ from zero is defined by the inequalities ω lim(2) < ω < ω lim (1) where
As numerical calculations show, functions (3.16) and (3.17) have sharp peaks in the vicinity of ω lim (1) . In this region the imaginary part of 1/(A + C) can be approximated as 
for which the maxima of the quantities The distance between the peaks is determined by the difference between frequencies corresponding to the maxima of Im 1/(A + C) and Im 1/(A − C)
. 
Discussion
The results obtained for a simple model confirm the possibility of configurational splitting which manifests itself as additional lines of Raman spectra at T > T c .
Depending on the scattering geometry, one or two split components may appear in the spectrum. In the former case, scattering in different geometries can be observed at different frequencies, that is some frequency shift takes place.
To observe two lines in the case when they can appear simultaneously (for instance (3.13)), a sufficient frequency separation determined by (3.23) is necessary. Besides, as well as in the case of one component, these two lines must be intensive enough, which depends on absolute values of scattering tensor elements R (i)κ i lαβ . As follows from the above analysis, the corresponding lines of Raman spectra may be of different width and intensity and can be observed in different scattering geometries. Simultaneous observation of split components is possible only at certain relations among the constants of interactions among various ion group configurations.
The proposed method of the calculation of spectral density functions which determine line profiles in Raman spectra can also be applied to more sophisticated models.
Appendix
By means of structural and dielectric studies, the symmetry of the paraelectric CsH 2 PO 4 (CDP) crystal was found to be monoclinic (the space group C groups along the polar axis. Depending on the nature of the protons positions on hydrogen bonds, different configurations of H n PO 4 groups (n = 1, 2, 3) can be realized. Among them the configurations presented in figure 1 are most probable. The electronic spectrum of PO 4 groups is most sensitive to the positions of the nearest protons. Therefore, the scattering tensors R (j)κ j lαβ are different for different H n PO 4 configurations. The symmetry analysis allows one to elucidate the structure of these tensors for all the considered configurations (see figure A.1). Amongst the R (j)κ j lαβ tensors components, the ones which describe scattering in the case of the isolated complexes of T d symmetry and those allowed by the local symmetry C 1h must be the largest.
The presence of lines ν i in Raman spectra of the given scattering geometry is determined by the structure of R Internal vibrations of an isolated PO 4 complex (point symmetry T d ) are classified by irreducible representations A 1 (frequency ν 1 ), E (frequency ν 2 ), and F 2 (frequencies ν 3 and ν 4 ). In a crystal they transform into the modes of symmetries A g ; A g , B g ; A g , A g , B g in the case of i = 1 (l = 1) and i = 5 (l = 2) configurations,
in the case of i = 2, 3 (l = 1) and i = 6, 7 (l = 2) configurations, and A g ; A g , B g ; A g , A g , B g in the case of i = 4 (l = 1) and i = 8 (l = 2) configurations, respectively.
Since the symmetry of H n PO 4 (n = 1, 2, 3) configurations is lower than C 1h of PO 4 groups, in some instances there may appear the lines forbidden by both the site symmetry and configurational splitting.
In particular, such a situation takes place in (xz) scattering (the z-axis is directed along the chain of H-bonds on which protons are ordered at all temperatures; the y-axis coincides with the polar axis, and x ⊥ yz). From table A.1 it follows that mode ν 2 of A g symmetry may split
1 . Such a splitting is not allowed by the local symmetry C 1h ; moreover, in the case of T d symmetry this mode is forbidden at all. These results confirm the experiment [11] . The observed split lines are of approximately equal(insignificant) intensity, the splitting itself is of about 83 cm −1 .
Configurational splitting may also take place in (xy)-scattering (frequencies ν 2 and ν 4 of A g and B g symmetries), (yz)-scattering (frequency ν 4 of B g symmetry), (xx), (yy), (zz), (xz)-scattering (frequency ν 4 of A g symmetry). The two former cases have been studied experimentally [18] . Table A .1 also describes the situation when, in addition to splitting, the appearance of lines forbidden by the site symmetry is possible. It is found out that in addition to ν 2 , ν 3 and ν 4 frequencies, line ν 1 of B g symmetry may appear in the (xy) and (yz) spectra. However, in [18] neither the ν 1 line in the scattering of this geometry nor the splitting of the ν 4 mode in (xx), (yy), (zz), (xz)-scattering was observed. We may attribute that to a low intensity of the expected lines, for they originate from the i = 2, 3, 6, 7 configurations only. Three last columns contain symmetry of the modes arising from different configurations. 
